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Motivation & Problem definition
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Stochastic conservation law

(Q, A, IP) complete probability space.
Unknown u := u(w, x, t).
Space-time domain Dr := R x (0,7)

ur + (a(w, z) f(u))z =
u(w, z,0) = up(w, x)
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[uo € LP(; L°(R))

Stochastic initial condition

(u) € CY(R)
Deterministic flux function

a Q X R —> R>0
Stochastic jump coefficient
(possibly time-dependent)
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Stochastic lump coefficient Barth and Stein (2018)

alw.3) = (x) + 6W(w.2) + Plw.a) .
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Stochastic jump coefficient parth an Steln (2019
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a(w,z) :=a(z) + ¢(W(w, z)) + P(w, )

random field a(
&
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Deterministic mean function. .
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(¢ € C}(R; R>o)
\In our case: ¢(&) = exp(§).
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(W e L2(Q; LA(R))

(Zero-mean) Gaussian random field L + 5
non-negative, symmetric trace class ; " ) -
 (covariance) operator Q : L?(R) — L2(R). ) E -
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Stochastic jump coefficient parth an Steln (2019
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a(w,z) :==a(z) + ¢(W(w, z)) + P(w, x)

random field a(w, z)

(¢ € CL(R;Ro)
(Inour case: ¢(¢) = exp(§).

log-Gaussian field ¢(W (w,z))
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Stochastic jump coefficient

a(w,z) :=a(z) + ¢(W(w,z)) + P(w, z)

random partition of R.

Random number of elements 7; in T
Aon (R, B(R))
\ Measure controlling positions of 7;

4 - N

P: QxR =Ry, (w,z) Y 1g(x)Piw)
i=1

| (pievy

Sequence of non-negative random variables,

(T:Q—=BR), we {T1,...,T-} h

\independent of 7 (but not necessarily i.i.d.) )
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Barth and Stein (2018)
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random field a(w, =
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Stochastic jump coefficient

a(w,z) :=a(z) + ¢(W(w, z)) + P(w, )

(T:Q - BR), we {T1,...
random partition of R.

Tr} )

Random number of elements 7; in T
Aon (R, B(R))
\Measure controlling positions of 7; )

4 - )

P:QxR =Ry, (w,z) > 1g(z)Pi(w)
i=1

(PZ,’L S N)

Sequence of non-negative random variables,

\independent of 7 (but not necessarily i.i.d.) )
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Barth and Stein (2018)
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Approximation of the jump coefficient

Gaussian random field W (w, z)

Karhunen-Loéve (KL) expansion Z; ~N(0,1) )
Standard-normal random variables

((771'7 ei)vi € N)
(ordered) eigenpairs of the
covariance operator Q

( = Approximation: truncate the series after the first N € N terms. )
- J

Jump field P(w, )

Depends on specific construction of jump field P(w, z)

( Exact evaluation possible . Approximation via Fourier inversion )
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Numerical experiment: Stochastic Burgers’ equation

U + (a(w,x)?) =0 VY(z,t) € Dr:=(0,1)2

( u@0)=wu(@)=03sin(rz) )  w0,)=0 u(1,1)=0 )

Stochastic jump coefficient a(w, x)

Continuous part

e Matérn covariance operator ® number of jumps: 7 ~ Poi(5)
with smoothness v € [%, OO) ) Jump positions: T~ Z/[((O7 1))
e Gaussian field W sampled via e jump heights:
truncated KL expansion 13 ~
P; u([gaé])v Z.Odd
Uz, 1), ieven
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Barth and Stein (2019)

Sample-adaptive discretization

Spatial discretization

(Finite Volume discretization with maximum spatial mesh size Az > 0. )

(spatial mesh adapted to jump positions = each jump position is cell interface)

(piecewise equidistant mesh: equidistant between two jumps )
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Numerical flux & temporal discretization  auianos ana cances (201

Ghoshal et al. (2020)

Numerical flux

Generalized Godunov flux

9(u, v, 25, 2j41) = max{a(w, 7;) f (max(u, 0)), a(w, zj+1) f (min(v, 0))}

CReduces to classical Godunov flux for a(w, z;) = a(w, zj11) )

Temporal discretization

(Equidistant time discretization with time step size At > 0 D)

(Backward Euler scheme D)
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Realizations of the solution
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Multilevel Monte Carlo Giles (2015)

Approximate stochastic moments
(expectation, variance, etc.) of solution

Singlelevel Monte Carlo estimator [

Discretization level )

(]
EMl ul Ml Zul M; € N, with M;_1 > M,
Number of samples

Multilevel Monte Carlo estimator

L

B(ur) = By (uo) + Y Eagy(w — u—1)
=1
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Multilevel Monte Carlo estimator
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estimator E(ur)
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Squared exponential random field Exponential random field
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Multilevel Monte Carlo estimation

CAII errors aligned in L' norm: € ~ Az ~ At)

£ :=E (|E(u) — E*(up)llr2(p))

(Reference solution via finer discretization )

estimated £

estimated £

10°

10°

inverse step size Az;'

inverse step size Az;'
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Thank you!

Stochastlc conservation law W|th
discontinuous coefficient

25 W\M\A/ M

random field a(w, z
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Sample-adaptive discretization
introduced for
pathwise convergence

[ Each sample has its j

own discretization

Multilevel Monte Carlo
estimation
of stochastic moments %, 05 °°
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